Abstract. Let X be a smooth rigid analytic space. We prove that the cate- 
1. Introduction 1.1. Background. The classical theory of D-modules arose as an algebraic method for the study of partial diffential equations. It has had significant applications a range of different subfields of mathematics. Classically one studies differential equations defined on a smooth manifold or on a smooth algebraic variety by defining the sheaf of differential operators D on the space X in question. Then one associates to a system of partial differential equations a coherent sheaf of D-modules M on X. The solutions of the system of equations can then be studied by considering the sheaf Hom D (M, O) -sometimes O is replaced by some larger sheaf of 'functions' that D operates on.
In [1] we introduced a sheaf of rings Ù D on each smooth rigid analytic space X that should be viewed as an analogue of the sheaves D in the classical setting. One substantive difference that we should highlight is that Ù D does not only consist of the algebraic differential operators on X, i.e. those of finite order. This is a deliberate feature of our construction: it is closer in spirit to rigid analytic geometry and will 2010 Mathematics Subject Classification. 14G22; 32C38. The first author was supported by EPSRC grant EP/L005190/1. also faciliate the representation-theoretic applications that we have in mind. We also defined a category of so called co-admissible Ù D-modules and showed that it shares many of the features of the classical category of coherent D-modules.
Main results.
An early fundamental result in the classical theory of Dmodules due to Kashiwara says that if Y → X is a closed embedding of smooth algebraic varieties then there is a natural equivalence of categories between the category of (coherent) D-modules on X that are supported on Y and the category of (coherent) D-modules on Y . In this paper we prove a version of this as follows.
Theorem A. Let X be a smooth rigid analytic variety over a complete discretely valued field K of characteristic zero. Let Y be a smooth closed analytic subset of X. There is a natural equivalence of categories ® co−admissible Ù D Y −modules´∼ = ® co−admissible Ù D X −modules supported on Y´.
As in our previous paper [1] , we work in a more general framework than that described above: for each Lie algebroid L on a reduced rigid analytic space X we have a sheaf of ringsU (L ) that we call the sheaf of completed enveloping algebras.
When X is smooth and L = T X ,U (L ) = Ù D X . The formulation of Theorem A in that general setting can be found in Subsection 7.1. As far as we are aware the analogue of Theorem 7.1 for Lie algebroids on varieties or manifolds is not in the literature although it is surely known to experts.
Our next result forms a link between co-admissible Ù D X -modules and the more classical theory of p-adic differential equations. This is proved in greater generality in Subsection 7.3. Using Theorems A and B, we can construct a large family of pairwise non-isomorphic simple objects in the category of co-admissible Ù D X -modules.
Theorem C. Let X be a smooth rigid analytic variety. This follows from a more general statement, namely Theorem 7.4 below.
1.3.
Conventions. Throughout the paper K will denote a complete discrete valuation field with valuation ring R. We fix a non-zero non-unit π ∈ R. Throughout Sections 4, 5 and 6 we work with right modules unless explicitly stated otherwise.
Review of the basic theory of Ù D-modules
In this section we review some of the notation and other material from [1] that we will use in the remainder of the paper.
(a) L is an A-lattice in L if it is finitely generated as an A-module and KL = L. (b) L is an A-Lie lattice if in addition it is a sub-(R, A)-Lie algebra of L.
2.2.
Completions of enveloping algebras of Lie-Rinehart algebras. Given a (R, A)-Lie algebra L there is an associative R-algebra U (L) called the enveloping algebra of L with the property that to give an A-module M the structure of a left U (L)-module is equivalent to giving M the structure of a left module for the R-Lie algebra L such that for a ∈ A, x ∈ L and m ∈ M (1) (ax)m = a(xm), and x(am) = ax(m) + ρ(x)(a)m.
Similarly, to give a left A-module M the structure of a right U (L)-module is equivalent to giving M the structure of a right module for the R-Lie algebra L such that for a ∈ A, x ∈ L and m ∈ M (2) m(ax) = a(mx) − ρ(x)(a)m and (am)x = a(mx) − ρ(x)(a)m.
Let A be an affine formal model in a reduced K-affinoid algebra A.
Notation. If L is an (R, A)-Lie algebra we write ' U (L) to denote the π-adic completion of U (L) and we write ◊ U (L) K to denote the Noetherian K-Banach algebra K ⊗ R ' U (L). As explained in [1, §6.2] ,Ȗ (L) is a K-Fréchet-algebra that does not depend on the choice of affine formal model A nor on the choice of A-Lie lattice L. A key property ofȖ (L) used in our work is that it is frequently a Fréchet-Stein algebra in the sense of [11] .
Theorem ([1, Theorem 6.4] ). Let A be a reduced K-affinoid algebra and let L be a coherent (K, A)-Lie algebra. Suppose L has a smooth A-Lie lattice L for some affine formal model A in A. ThenȖ (L) is a two-sided Fréchet-Stein algebra.
The functor Ù ⊗.
Definition ( [1, Definition 7.3] ). If U and V are both left Fréchet-Stein algebras a Fréchet space then P is a U -co-admissible (U, V )-bimodule if P is a co-admissible left U -module equipped with a continuous homomorphism V op → End U (P ) with respect to a natural Fréchet structure on End U (P ) defined in [1, §7.2] .
The reason that U -coadmissible (U, V )-bimodules are useful is that they enable us to base-change coadmissible left V -modules to co-admissible left U -modules.
Lemma ([1, Lemma 7.3] ). Suppose that P is a U -co-admissible (U, V )-bimodule. Then for every co-admissible V -module M , there is a co-admissible U -module
and a V -balanced U -linear map ι : P × M → P Ù ⊗ V M satisfying the following universal property: if f : P × M → N is a V -balanced Ulinear map with N a co-admissible U -module then there is a unique U -linear map g : P Ù ⊗ V M → N such that gι = f . Moreover, P Ù ⊗ V M is determined by its universal property up to canonical isomorphism.
The base-change functor defined by the Lemma turns out to be associative: whose values on every affinoid subdomain Y of X are given by
M.
Theorem ( [1, Theorem 8.2] ). Loc defines a full exact embedding of abelian categories from the category of co-admissibleȖ (L)-modules to the category of sheaves ofȖ (L)-modules with vanishing higher Čech cohomology groups.
Lie algebroids.
Suppose that X is any rigid K-analytic space. We recall the notion of a Lie algebroid on X. By [1, Lemma 9.3] X w (L ) forms a basis for the G-topology on X. It enables us to define a 'Fréchet-completion' of the sheaf U (L ) on X via the following Theorem.
Theorem ([1, Theorem 9.3]). Let X be a reduced rigid K-analytic space. There is a natural functorU (−) from Lie algebroids on X to sheaves of K-algebras on
Definition ([1, Definition 9.3]). We call the sheafU (L ) defined by the Theorem the Fréchet completion of U (L ). If X is smooth, L = T and ρ = 1 T , we call Ù D :=U (T ) the Fréchet completion of D.
2.6. Co-admissible sheaves of modules. Suppose that L is a Lie algebroid on a reduced K-analytic space X. The following defines the notion of co-admissiblė U (L )-modules that is central to this paper.
Co-admissibleU (L )-modules behave well on affinoids in the following sense.
. Suppose that L is a Lie algebroid on a reduced K-affinoid variety X such that L (X) admits a smooth Lie lattice. Then Loc and Γ(X, −) are mutually inverse equivalences of abelian categories
Side-switching operations
In this section we explain that, as in the classical theory of D-modules, there is an equivalence of categories between the categories of (co-admissible) leftU (L )-modules and of (co-admissible) rightU (L )-modules for any Lie algebroid L on a rigid analytic space X.
3.1.
Comparison of left and right modules for Lie-Rinehart algebras. Suppose that R is a commutative ring and that A is a commutative R-algebra and (L, ρ) is an (R, A)-Lie algebra.
We recall some well-known constructions; see, for example, [7, §2] . Let M and N be two left U (L)-modules, and fix m ∈ M , n ∈ N, x ∈ L. Analogously to Oda's rule for D-modules, using §2.1(1) we can make M ⊗ A N into a left U (L)-module via the formula
and
Similarly, given two right U (L)-modules M and N we may make
In the last three cases, the given right L-action extends to a right U (L)-module structure using §2.1(2) and the natural left A-module structures on Hom A (M, N ) and N ⊗ A M .
Proposition. Suppose that P is a right U (L)-module that is projective of constant rank 1 as an A-module. Then there are mutually inverse equivalences of categories from left U (L)-modules to right U (L)-modules given by P ⊗ A − and Hom A (P, −). so that gr U ∼ = Sym(L) by Rinehart's Theorem [10, Theorem 3.1] . Suppose that P is a right U -module with a single free generator e as an A-module and that I is an ideal in A. Then there is an isomorphism
of right U -modules given by α + IU → (e ⊗ 1)α. This can be seen by giving both sides their natural filtrations and observing that the induced morphism between associated graded modules is the isomorphism of symmetric algebras Sym(L/IL) → Sym(L/IL) given by multiplication by (−1) i in degree i.
An involution on
Suppose that P is a projective module of constant rank 1 with the structure of a right U (L)-module. Then there are two natural ways to view P ⊗ A U (L) as a right U (L)-module: one of these comes from the left action of U (L) on itself and formula (6) above; the other, which we'll denote by •, comes from the right action of U (L) on itself. We'll write P ⊘ A U (L) to denote the left A-module P ⊗ A U (L) equipped with the •-action of U (L) on the right. The following lemma can be viewed as saying that there is an automorphism α of the A-module P ⊗ A U (L) that exchanges these two structures.
Proof. (a) We may assume that t = p ⊗ v for some p ∈ P and v ∈ U (L). Then
(b) There is a natural exhaustive positive filtration F • on U (L) such that F 0 = A and F n = L·F n−1 +F n−1 for all n 1. Proceed by induction on the filtration degree
Suppose now that v = xw for some x ∈ L and w ∈ U (L) of degree strictly less than n; since the statement is linear in v this case suffices. Then
which by the inductive hypothesis is equal to
It follows immediately that α is invertible and that
3.3.
Comparison of left and right ◊ U (L) K -modules. Suppose now that A is an affine formal model in a reduced K-affinoid algebra A and L is a smooth (R, A)-
. This is a projective A-module of constant rank 1 with the structure of a right U (L)-module by the discussion in Subsection 3.1 above.
Proof. L is a direct summand of some free A-module A r . Then Ω L ⊗ A M and Hom A (Ω L , M) may be viewed as direct summands of M r . Since finite direct sums and direct summands of π-adically complete modules are π-adically complete, the result follows.
Proposition. There is an equivalence of categories between the category of π-adically complete left ' U (L)-modules and the category of π-adically complete right ' U (L)-modules given by Ω L ⊗ A −. Moreover this functor restricts to an equivalence of categories between finitely generated left ' U (L)-modules and finitely generated right ' U (L)-modules.
Proof. It follows from the lemma that the equivalence of categories Ω L ⊗ A − from left U (L)-modules to right U (L)-modules given by Proposition 3.1 restricts to an equivalence of categories between π-adically complete left U (L)-modules and π-adically complete right U (L)-modules.
We will show that restriction along U (L) → ' U (L) defines equivalences of categories from the category of π-adically complete left (respectively, right) ' U (L)-modules and π-adically complete left (respectively, right) U (L)-modules. Certainly the restriction functors are faithful so we must show that they are also full and essentially surjective on objects. Suppose that
for each n 0 and we may identify f with lim
and Ω L ⊗ A − preserves inclusions between finitely generated modules. So if M is a Noetherian left ' U (L)-module, then an ascending chain of finitely generated right '
Let
Theorem. The functors Ω L ⊗ A − and Hom A (Ω L , −) are a mutually inverse pair of equivalences of categories between finitely generated left ◊ U (L) K -modules and finitely generated right ◊ U (L) K -modules.
Therefore
on A-modules, and the unit and counit morphisms for this adjunction are isomorphisms on all modules of the form M ⊗ R K by the Proposition. So the restrictions of these functors to finitely generated ◊ U (L) K -modules are mutually inverse equivalences. 
Lemma. There is a commutative diagram
of right ÿ U (πL) K -modules with horizontal arrows given by inclusions and vertical arrows continuous extensions of α.
We may π-adically complete this map and then invert π in order to obtain " α K , the unique continuous extension of α to an isomorphism
The result follows immediately.
Theorem. The pair Ω L ⊗ A − and Hom A (Ω L , −) define mutually inverse equivalences of categories between co-admissible leftȖ (L)-modules and co-admissible right
Proof. Let L be a smooth A-Lie lattice in L, and write 
For each finitely generated left U n+1 -module Q, define a right U n -linear map
Then θ is a natural transformation between two right exact functors, and it follows from the lemma that θ Un+1 as an isomorphism. Hence θ Q is an isomorphism for all Q by the Five Lemma. Thus
is an equivalence of categories between coherent sheaves of left U • -modules and coherent sheaves of right U • -modules. Finally, since Ω L is a direct summand of a free A-module, for every co-admissible left U -module M there are canonical isomorphisms
of left A-modules. Using the composition of these isomorphisms we can define a right U -module structure on Ω L ⊗ A M . Similarly, the canonical isomorphisms
induce a left U -module structure on Hom A (Ω L , N ) for every co-admissible right U -module N . The result now follows from [11, Corollary 3.3] .
3.5.
Comparison of left and right co-admissibleU (L )-modules. Suppose now that X is a reduced rigid analytic space and that L is a Lie algebroid on X with constant rank d. Then we have at our disposal the invertible sheaf 
Then τ is a natural transformation between two right exact functors, and using the lemma we see that τ Un is an isomorphism. Hence τ Q is an isomorphism for all Q by the Five Lemma. Now there is a natural isomorphism Ç
follows. Thus Ω L |Yw ⊗ OY Loc(M ) is a co-admissible right U -module. The second part of the Proposition has a similar proof.
We are now ready to prove the main Theorem in this section.
Theorem. There is a mutually inverse pair of equivalences of categories
Proof. The statement is local so by [1, Lemma 9.3] we may reduce to the case where X is affinoid and L (X) admits a smooth Lie lattice. This case follows from the Proposition and Theorem 3.4.
Unless explicitly stated otherwise, until the end of Section 6 the term "module" will mean right module.
From now on, we assume that the characteristic of our ground field K is zero.
is an A-linear Lie algebra homomorphism such that
For every subset F of B, we define
In particular, if L is smooth then C L ({f 1 , . . . , f r }) is smooth.
and M dp (F ). Until the end of Section 4, we fix an affine formal model A in a reduced affinoid algebra A and a smooth (R, A)-Lie algebra L.
Thus there is also a natural isomorphism
Putting these two isomorphisms together we obtain the result.
It is clear that
also sends finitely generated modules to finitely generated modules. Moreover we'll show that under this hypothesis the unit of the adjunction restricted to finitely generated modules is an isomorphism and the counit is isomorphic to the inclusion M dp (F ) → M .
If M is any R-module, we'll write M k := M ⊗ R k for its reduction modulo π in what follows.
4.3.
Proposition. Let C be a sub-(R, A)-Lie algebra of L, and suppose that C has
Proof. The assumptions on C and L force C to be a projective A-module. Now,
These algebras carry a natural positive filtration with t and A k in degree zero, and L k , C k in degree one. Since L k and C k are smooth, the respective associated graded rings are k[t, t
We can now apply [9, Chapter II, Proposition 1.2.2] twice.
, and let
Proof. This follows from Lemma 4.1 and the Proposition.
Construction of a lattice that is stable under divided powers. For the remainder of this section we'll write
and that M is a finitely generated U -module. Let N = M dp (f ) · U . Since U is Noetherian, N is also a finitely generated U -module and we may fix a finite generating set {v 1 , . . . , v s } ⊂ M dp (f ) for N as a U -module. We say that a U-submodule of N is a U-lattice in N if it is finitely generated over U and generates N as a K-vector space. Thus in particular,
Lemma. There exists an integer t such that
and all j = 1, . . . , s.
Proof. Since each v j lies in M dp (f ) by assumption, v j f n /n! → 0 as n → ∞ for each j. So each of these sequences is bounded in N and is therefore contained in
α1! β 1 ···αm! βm is a multinomial coefficient and is therefore an integer.
Proposition. There is at least one U-lattice M in M dp (f )·U which is stable under the action of all of the divided powers f i /i!.
Proof. Let N = M dp (f ) · U and let B be the subalgebra of A generated by A and
Thus the action of L on A lifts to B, so we can form the
Since M 0 is a U (L)-submodule of N , by the Lemma we can find an integer t such that
Let M be the closure of
is a finitely generated module over the Noetherian ring U, M is finitely generated over U. Therefore it is a U-lattice in N which is stable under all divided powers f i /i! by construction.
and M is a finitely generated U -module. Then M dp (F ) is a U -submodule of M .
Proof. Because M dp (F ) = ∩ f ∈F M dp (f ), we may assume that F = {f }. Using Proposition 4.4, choose a U-lattice M in M dp (f ) · U stable under all f i /i! and write M dp (f ) = M dp (f ) ∩ M. Certainly M dp (f ) is an A-submodule of M .
Suppose that x ∈ L, m ∈ M dp (f ) and n 0. Then
Since m ∈ M dp (f ), and x · f ∈ A and x ∈ L preserve the lattice M of M , we see that mx ∈ M dp (f ). Thus we may view M dp (f ) as a U (L)-submodule of M . Next we show that M dp (f ) is π-adically closed. Suppose that m n is a sequence in M dp (f ) converging π-adically to m ∈ M. Then for all r > 0 there is n 0 such that m − m n0 ∈ π r M and there is n 1 n 0 such that m n0 f n /n! ∈ π r M for all n > n 1 . Thus mf n /n! ∈ π r M for all n > n 1 because M is stable under all f i /i!. So m ∈ M dp (f ) as required.
It follows that M dp (f ) is a U-module, so M dp (f ) is a U -module as required.
4.6. Reduction mod π. Suppose now in addition to L · f ⊂ A that there is an element x ∈ L such that x · f = 1. This is equivalent to assuming that L · f = A. Let M be a finitely generated U -module, and write C := C L (f ) and V := ' U (C).
Lemma. Let M be a U-lattice in M dp (f ) stable under all divided powers in f , and
because the lattice πM is stable under f n /n! by construction. Now
because M is π-torsion-free, so q n = 0. Continuing like this, we see that q j = 0 for all j n, so ξ = 0.
4.7.
The counit ǫ M is an injection. We continue to write V := ' U (C) and also
Proposition. Let f ∈ A be such that L · f = A and let M be a finitely generated U -module. Then the natural map
is finitely generated as a V -module.
Proof. Using Proposition 4.5 we see that the image
Since M k is a finitely generated module over the Noetherian ring U k , its chain N 1 U k ⊆ N 2 U k ⊆ · · · of submodules must stabilize. It now follows from Lemma 4.6(b) that the chain
The π-adic filtration on M is separated by Nakayama's Lemma, because it is a finitely generated module over the π-adically complete Noetherian algebra U. So the π-adic filtration on M[f ] is also separated, and hence M[f ] is finitely generated over V by [9 Lemma 4.6(b) . This means that the associated graded of ǫ M (with respect to the π-adic filtrations on M [f ] ⊗ V U and M dp (f ) determined by the U-lattices M[f ] ⊗ V U and M respectively) is injective. Therefore ǫ M is also injective by [9, Chapter I, Theorem 4.2.4 (5)].
That M [f ] is finitely generated follows from the facts that U and V are Noetherian and that U is a faithfully flat left V -module by Corollary 4.3.
Then for any finitely generated U -module M , the natural map
is an injection and M [F ] is finitely generated as a ÷ U (C) K -module.
Proof. We proceed by induction on r, the case r = 1 being given by the Proposition.
is a smooth (R, A)-Lie algebra by Lemma 4.1 and
also injective, and the result follows by the associativity of tensor product.
It follows immediately from the Corollary that the adjoint pair of functors in Proposition 4.2 restricts to an adjoint pair of functors between finitely gener-
4.8. Constructing maps from M dp (f ) to M [f ]. Suppose again that f ∈ A and x ∈ L are such that x · f = 1. For each j 0 and v ∈ M dp (f ), the infinite series
converges to an element of M because vf n /n! → 0 and because n j (−x) n−j ∈ U for all n j. Thus we have defined an infinite collection of functions e j : M dp (f ) → M, j 0.
Proof. (a) By Proposition 4.4 we can find a U-lattice M in M which is stable under the action of all f i /i!. We may view M as the unit ball with respect to a Banach norm on M . Then M dp (f ) ∩ M is the unit ball in the closed subspace M dp (f ). We see by examining the definition of e j that e j (M ∩ M dp (f )) ⊂ M and so e j is continuous.
(b) Suppose v ∈ M dp (f ). We can rewrite e j (v) as e j (v) =
so the expression for e j (v)f telescopes to give zero:
(c) This is clear from the defining formula for e j (v), because v f n n! → 0 as n → ∞ and because n j x n−j preserves the U-lattice M for all n and j.
Proof. Part (b) of the Lemma gives the inclusion e j (M dp ({f
. Let v ∈ M dp ({f } ∪ G) and g ∈ G. Then since g commutes with x and f inside U ,
as n → ∞ by part (a) of the Lemma.
4.9.
The counit ǫ M has image M dp (F ). In this Subsection, we will show that M dp (F ) is generated as a U -module by M [F ]. The heart of the proof of this statement is contained in the following technical
for every finitely generated U -module M .
Proof. Let C = C L (f ) and V = ÷ U (C) K , and define
Since V is Noetherian and M [f ] is finitely generated over V by Proposition 4.7, we can find a finite generating set w 1 , . . . , w m in M [f ] dp (G) for N . Define e j : M dp (f ) → M as in Subsection 4.8. Given v ∈ M dp (F ), every e j (v) lies in M [f ] dp (G) by Corollary 4.8, so we can choose v ij ∈ V such that
Because e j (v) → 0 as j → ∞ by Lemma 4.8(c) and because the topology on N can be defined by the V-lattice m j=1 w j V, we may assume that lim j→∞ v ij = 0 for each i. Therefore the series
so M dp (F ) is contained in M [f ] dp (G) · U as required.
Proof. The forward inclusion follows from Proposition 4.5. To prove the reverse inclusion we proceed by induction on r, the base case r = 1 being given by the Lemma with G = ∅. Suppose that r > 1, write f := f r and G := {f 1 , . . . , f r−1 }. By the assumption on L we can find x ∈ L such that x · f = 1 and x · G = 0. Then
r , and C is a smooth (R, A)-Lie algebra by Lemma 4.1. More-
by the induction hypothesis. Therefore
The following elementary result will be useful on more than one occasion; we could not locate a reference to it in the literature. Then S and T are mutually inverse equivalences of categories.
Proof. Let η : 1 C → T S be the unit morphism. It will be sufficient to show that η N : N → T SN is an isomorphism for any N ∈ C. Now ǫ SN • S(η N ) = 1 SN by a counit-unit equation and ǫ SN is an isomorphism by (a), so S(η N ) is also an isomorphism. Hence η N is an isomorphism by (b).
Here is the main result of Section 4.
are mutually inverse equivalences of categories between the category of finitely generated ÷ U (C) K /(F )-modules and the category of finitely generated ◊ U (L) K -modules M such that M = M dp (F ).
denote the functor from finitely generated U -modules to finitely generated V /(F )-modules given by Corollary 4.7, and let T := − ⊗ V U denote its left adjoint. If N is a finitely generated V /(F )-module then (T N ) dp (F ) ⊃ ST N ⊃ N ⊗ 1. Now (T N ) dp (F ) is a U -submodule of T N by Proposition 4.5, and it contains N ⊗ 1 which generates T N = N ⊗ V U as a U -module, so T N = (T N ) dp (F ).
If M is a finitely generated U -module such that M = M dp (F ), then the counit morphism ǫ M : T SM → M is an isomorphism by Corollary 4.7 and Theorem 4.9. Since U is a faithfully flat left V -module by Corollary 4.3, the functor S reflects isomorphisms. The result now follows from Proposition 4.10.
Kashiwara's equivalence forȖ (L)
5.1. Normalisers in L. Suppose that I is an ideal in a commutative R-algebra A and L is a (R, A)-Lie algebra.
We will use the abbreviation N := N L (I) in this subsection. 
Standard bases.
Suppose that I is an ideal in a commutative R-algebra A and L is a (R, A)-Lie algebra.
Definition. We say that a subset {x 1 , .
Under the assumption that L has an I-standard basis, we can explicitly compute the normaliser N L (I) as follows.
Proposition. Suppose that {x 1 , . . . , x d } is an I-standard basis for L with corresponding generating set
Proof. This is routine.
Until the end of Section 5, we assume that :
• I is a radical ideal in the reduced affinoid K-algebra A, • {x 1 , . . . , x n } is an I-standard basis for the (K, A)-Lie algebra L. We also fix an affine formal model A in A. Because (π n x i ) · (f j /π n ) = δ ij for all i, j, we see that {π n x 1 , . . . , π n x d } is again an I-standard basis for L for any integer n. So by replacing {x 1 , . . . , x d } by a π-power multiple if necessary and applying [1, Lemma 6.1(c)], we will assume that
is a free A-Lie lattice in L. We also fix a generating set F := {f 1 , . . . , f r } for I such that x i · f j = δ ij for all i, j. 
Proof.Ȗ (L)
Yc). Now U (L)/IU (L) is a U (N ) -U (L)-bimodule by Lemma 5.1(d), so ◊ U (L) K /I ◊ U (L) K is a ◊ U (N ) K -◊ U (L) K -bimodule. Since L is a flat R-module, multiplication by π n induces an isomorphism N L (I) IL ∼ = −→ N π n L (I) I(π n L) . Hence Ÿ U (π n L) K /I Ÿ U (π n L) K is a ⁄ U (π n N ) K -Ÿ U (π n L) K -bimodule and the homo- morphism ⁄ U (π n N ) K → End ◊ U(π n L)K ( Ÿ U (π n L) K /I Ÿ U (π n L) K ) op is continuous. Finally, N L (I) ∩ IL = IL because L ∩ IL = IL as L is a free A-module. Hence N embeds naturally into N L (I)/IL = L Y and its image is an A/I-Lie lattice in L Y . HenceU (L Y ) ∼ = lim ← − ⁄ U (π n N ) K by Definition 2.2,
and thereforȇ
(a) The pushforward of N to X is the co-admissibleȖ (L)-module
given in Proposition 5.3. That ι ♮ defines a functor fromȖ (L)-modules toU (L Y )-modules is clear, and the universal property of Ù ⊗ shows that ι + is also a functor.
5.5.
Vectors where S ⊂ A acts topologically nilpotently. Before we can prove the main theorem of Section 5 we will need some more definitions.
Definition. Let M be a co-admissible U -module and let S be a subset of A. Define
We say that S acts topologically nilpotently on m ∈ M precisely when m ∈ M ∞ (S). We say that S acts locally topologically nilpotently on M if M = M ∞ (S).
We begin our study of M ∞ (S) by doing some analysis. We will write U :=Ȗ (L) and
If M is a co-admissible U -module, then M n will always mean the finitely generated
Lemma. Let M be a co-admissible U -module. Then (a) M ∞ (f ) ⊂ M ∞ (af ) for any f ∈ A and a ∈ A, and
Proof. Note that M is the inverse limit of the K-Banach spaces M n , so a sequence in M converges to an element z of M if and only if the image of this sequence in each M n converges to the image of z in M n . Fix n 0 and a
Choose r 0 such that π r f and π r g both lie in
in M n so for every s 0 there exists an integer T 0 such that
Now suppose that i, j 0 are such that i + j 2T . Then either i j in which case j T and
or i j in which case i T and
because (π r f ) i and (π r g) j preserve π s M n by construction. Therefore for all s 0 there exists T 0 such that
It is interesting to note here that the fact that f and g commute is crucial, since for example the sum of the two non-commuting square-zero elements Corollary. Let M be a co-admissible U -module. Then
for any K-vector subspace W of A.
Proof. Note that AW = AKW = AW , and that the inclusion M ∞ (AW ) ⊂ M ∞ (W ) is trivial. Let m ∈ M ∞ (W ) and suppose that w 1 , . . . , w t ∈ W and a 1 , . . . , a t ∈ A. Then m ∈ M ∞ (Kw i ) for each i and hence m ∈ M ∞ (Ka i w i ) for each i by part (a) of the Lemma. Hence m ∈ M ∞ K · t i=1 a i w i by part (b) of the Lemma, so m ∈ M ∞ (w) for all w ∈ AW . 5.6. Proposition. Let M be a co-admissible U -module. Then
for any subset S of A.
Proof. Let m n denote the image of m ∈ M in M n and recall from Subsection 4.2 that m n lies in N n := (M n ) dp (S/π n ) if and only if
Since the map M n+1 → M n is continuous, (N n ) forms an inverse system. Choose an integer r 0 such that
in M . Thus m n ∈ N n for each n 0 because the map M → M n is continuous. Conversely, suppose that m n ∈ N n for all n. Let s ∈ S and fix n, t 0. Now m n+t (s/π n+t ) k /k! → 0 in M n+t by assumption and the map M n+t → M n is continuous, so
Corollary. M ∞ (I) is a co-admissible U -module whenever M is a co-admissible U -module.
Proof. Recall from Subsection 5.2 that F = {f 1 , . . . , f r } generates the ideal I of A.
so (M n ) dp (F/π n ) is a closed U n -submodule of M n = M ⊗ U U n by Proposition 4.5. By Corollary 5.5 and Proposition 5.6,
Hence M ∞ (I) is a closed U -submodule of M . Now apply [11, Lemma 3.6].
The module M [F ]
is co-admissible. It follows from Lemma 4.2 that C := C L (F ) is a smooth A-Lie lattice in C := C L (F ), so the Banach algebras V n := Ÿ U (π n C) K give a presentation lim ← − V n of V :=Ȗ (C) as a Fréchet-Stein algebra by Theorem 2.2. There is a natural continuous map of Fréchet-Stein algebras
Theorem. Let M be a co-admissible U -module. Then M [F ] is a co-admissible V -module.
Proof. By Corollary 5.6, M ∞ (I) is a co-admissible U -submodule of M . Since
we may assume that M = M ∞ (I). Let M n := M ⊗ U U n and F n := F/π n , and note that M n [F n ] = M n [F ] for all n 0. Now the image of M generates M n as a U n -module, and this image is contained in N n := (M n ) dp (F n ) by Proposition 5.6 since M = M ∞ (AF ). It follows from Proposition 4.5 that N n = M n , and therefore the counit morphism
is an isomorphism for all n 0 by Theorem 4.11.
and therefore a V n -linear map
which features in the following commutative diagram:
The map α n is an isomorphism because M is a co-admissible U -module, so ϕ n ⊗ 1 is also an isomorphism since ǫ n and ǫ n+1 are isomorphisms. But U n is a faithfully flat V n -module by Corollary 4.3, so ϕ n is also an isomorphism. Since each M n [F n ] is a finitely generated V n -module by Corollary 4.7 
is exact, where ψ n (m) = (mf 1 , . . . , mf r ) for all m ∈ M n . Hence the sequence
of V -modules is also exact, where ψ(m) = (mf 1 , . . . , mf r ) for all m ∈ M . Hence
is a co-admissible V -module as required.
is an isomorphism of V n -modules for all n 0.
Proof. The maps β n assemble to give a morphism β :
is an isomorphism by the proof of the Theorem. Therefore β is an isomorphism in Coh(V • ) by [11, Corollary 3.3].
The algebraU (L Y ).
We are now close to the proof of Theorem 5.9. let g 1 , . . . , g s generate the ideal I ∩ A in A and let B := A/I ∩ A. The exact sequence C s → C → B ⊗ A C → 0 of A-modules induces a complex of U (C)-modules 
Lemma. There is a natural isomorphism of Fréchet-Stein algebras
is exact for any n 0. Now C/IC ∼ = L Y by Proposition 5.2 and the image D of B ⊗ A C in C/IC is a B-Lie lattice, so thaṫ
Here is the main result of Section 5.
5.9. Theorem. Let I be an ideal in the reduced affinoid K-algebra A, and let L be a (K, A)-Lie algebra which admits an I-standard basis.
(a) The functor ι ♮ preserves co-admissibility. 
Hence for any U -module M , the rule θ → θ(1 + F U ) gives a natural bijection
which sends theU (L Y )-module structure on ι ♮ M to the V /F V -module structure 
is a bijection by the universal property of Ù ⊗, leading to natural isomorphisms
(c) Let M be a co-admissible U -module such that I acts locally topologically nilpotently on M and let n 0. Then M = M ∞ (I) by definition, and Corollary 5.7 . Therefore the natural map
passing to the limit shows that the counit of the adjunction
is an isomorphism. Next, let N be a co-admissible V /F V -module and let N n = N ⊗ V V n . Then
so we may apply Corollary 5.5 and Proposition 5.6 to obtain
Hence 
Kashiwara's equivalence forU (L )
Throughout this section, we assume that ι : Y → X is a closed embedding of reduced rigid K-analytic spaces defined by the radical, coherent O X -ideal I. 
For any Lie algebroid L X on X, there is a commutative diagram of coherent sheaves on Y with exact rows
We can compute the local sections of these sheaves as follows. 
where the bottom map α : L/IL → Hom A (I/I 2 , A/I) is given by
Thus the kernel of (θ • ι * ρ)(V ) is isomorphic to ker α = N L (I)/IL as claimed.
Proof. This follows from Lemma 5.1(c) and Lemma 6.1(b).
From now on, X is reduced and L = L X is a Lie algebroid on X. . . , f r + I 2 } for I/I 2 ; then we can find y 1 , . . . , y d ∈ L such that y i · f j ∈ δ ij + I whenever 1 i, j r, and such that the images of y r+1 , .
Af i is killed by some element a ∈ 1 + I by Nakayama's Lemma. By construction, the image of
Ay i is killed by some element b ∈ 1 + I, again by Nakayama's Lemma. Finally, the determinant c of the matrix M := (y i · f j ) r×r lies in 1 + I because M is congruent to the identity matrix modulo I.
Let g := abc/π ∈ K and let B := A 1/g . Since a ∈ B × , the images of f 1 , . . . , f r in B generate I · B. Let y
× , the matrix M has an inverse with entries in B. Define Finally, since a, b, c ∈ 1 + I we see that 1 − abc ∈ I. Hence I · A g contains
is surjective, and that N Y /X is locally free. Then there is an admissible affinoid covering {X j } of X such that for all j, either L (X j ) has an I(X j )-standard basis or I(X j ) 2 = I(X j ).
Proof. Since the problem is local on X and since L is locally free, we may assume that X is affinoid and that L (X) is a free O(X)-module of rank d say. Now by assumption, we have a short exact sequence of
with the second and third term locally free. Hence N * Y /X and L Y are both locally free. Therefore there is a Zariski covering {D(h 1 Let U ∈ X be such that
is surjective by Lemma 6.1(a) so by the Proposition there is an admissible covering {U 1 , U 2 } of U where L (U 1 ) has an I(U 1 )-standard basis, and
2 ,
is an admissible affinoid covering of X with the required properties.
6.3. The basis B. We will henceforth assume that
• B is the set of affinoid subdomains U of X such that L (U ) has a smooth Lie lattice and moreover it has an I(U )-standard basis whenever
Note that B is closed under passing to smaller affinoid subdomains, and that under the first two assumptions Theorem 6.2 implies that X has an admissible covering by objects in B. Note also that the O Y -module L Y is then locally free and is therefore a Lie algebroid on Y by Corollary 6.1. Regarding the condition I(U ) = I(U ) 2 in the definition, we remind the reader of the following elementary Lemma. Let X be a connected affinoid variety. Then O(X) contains no non-trivial idempotent ideals.
Proof. Since O(X) is Noetherian, if I is an idempotent ideal in O(X) then it is finitely generated and Nakayama's Lemma implies that I(1 − e) = 0 for some e ∈ I. But then e(1 − e) = 0 so e is an idempotent in I. Since X is connected by assumption, e = 0 or e = 1. In the first case, I = I(1 − 0) = 0 and in the second case, 1 ∈ I so I = O(X).
Thus if U is a connected affinoid subdomain of X then I(U ) = I(U ) 2 if and only
6.4. The pushforward functor ι + . We have at our disposal the sheaves U :=
by Theorem 2.5 and
by Lemma 6.1. Hence Proposition 5.3 implies that
by the right-module version of Lemma 2.3. Because of the functorial nature of this construction, this defines a presheaf ι + N on B.
Proof. Since N is co-admissible, by the right-module version of [1, Theorem 9.4] there is a natural isomorphism 
.
Since I is coherent and Ù ⊗ is right exact, there is an isomorphism of left
Substituting this expression for U (V )/I(V )U (V ) into the previous isomorphism and applying [1, Proposition 7.4 ] again gives part (a). Now (ι + N )| Uw is isomorphic to Loc((ι + N )(U )) for every U ∈ B by part (a), which is a sheaf on U w by Theorem 2.4, and part (b) follows.
Definition. Let N be a co-admissible W -module on Y . We call the canonical extension of ι + N to a sheaf ι + N on X rig given by [1, Theorem 9.1] the pushforward of N along ι.
Proposition. ι + is a functor from co-admissible W -modules on Y to co-admissible U -modules on X.
Proof. The functorial nature of ι + is clear, and ι + N is a co-admissible U -module by [1, Theorem 9.4] and part (a) of the Lemma. Lemma. ι ♮ * M is a sheaf of ι * W -modules on B. Proof. Let {U i } be an admissible affinoid covering of U ∈ B, and let {W ijk } k be an admissible affinoid covering of U i ∩ U j for each i, j. Since M is a sheaf on X rig , the sequence
is exact, by [1, Definition 9.1]. Therefore
is also exact, where I := I(U ). But I generates I(V ) as an O(V )-module for all V ∈ U w because I is coherent. Therefore
is exact and hence ι ♮ * M is a sheaf on B.
. This is a sheaf of W -modules on Y .
Since ι * W is supported on Y , ι ♮ * M is also supported on Y , so Theorem A.1 implies that there is a natural isomorphism
for every open affinoid subvariety U of X.
6.6. Locally topologically nilpotent actions. In this Subsection, we explain what it means for a local section of O to act locally topologically nilpotently on local sections of co-admissibleU (L )-modules in geometric terms.
We suppose that X is affinoid, A is an affine formal model in O(X), L is a smooth (R, A)-Lie algebra and that g ∈ O(X) is a non-zero element such that Proposition. Let M be a finitely generated S(X)-module, and let M ∞ be a generating set for M as an S(X)-module. Then the following are equivalent:
Then, comparing coefficients in t i , we see that m 0 = v and m i = m i−1 g for each i
1. 
give presentations of the Fréchet-Stein algebras U and U ′ . In the language of [11, §3] 
by [11, Corollary 3.1] , so M ′ = 0 if and only if M ⊗ U U ′ n = 0 for all n 0. Now M ⊗ U U n is a finitely generated U n -module since M is a co-admissible U -module, and the image of M in M ⊗ U U n is a U n -generating set. Hence for any n 0, (M ⊗ U U n ) ⊗ Un U ′ n = 0 if and only if g acts locally topologically nilpotently on the image of M in M ⊗ U U n by the Proposition. Since the topology on M ∼ = lim ← − M ⊗ U U n is the inverse limit topology, this is in turn equivalent to g acting locally topologically nilpotently on M . Proposition. Let C = C L (X) (F ) and V :=U (C). Then there is an isomorphism
Proof. Let U be an affinoid subdomain of X and let V = U ∩ Y . By Theorem 2.5,
by Lemma 6.1. Since L is a coherent O-module, Proposition 5.2 implies that there is a natural isomorphism
so there is a natural isomorphism V (U ) ∼ =ˇ U (C L (U) (F )). Now Lemma 5.8 implies that the sequence of V (U )-modules
where the first arrow sends (v 1 , . . . , v r ) to r i=1 f i v i , is exact. The result now follows from [1, Theorem 9.1].
6.9. Theorem. Suppose that X is affinoid and that L (X) has an I(X)-standard basis. Let M be a co-admissible U -module supported on Y and let X ′ be an affinoid subdomain of X. Then the natural map
is an isomorphism, where
Proof. By Proposition 6.8, it is enough to show that
Note that with this notation
Since M is supported on Y by assumption, Theorem 6.7 implies that
Hence the unmarked arrows in the above diagram are equalities. Also, ǫ M and ǫ M ′ are isomorphisms by Theorem 5.9, so the diagram shows that α Ù ⊗1 is an isomorphism. But U ′ is a faithfully c-flat V ′ -module by Corollary 4.3 and the right-module version of [1, Proposition 7.4(c) ], so α is an isomorphism as required.
We conjecture that this result also holds when the condition that M is supported on Y is removed, but are unable to prove this at present. 6.10. Kashiwara's Theorem for rightU (L ) modules. We can now state and prove our version of Kashiwara's equivalence for right modules.
Theorem. Let X be a reduced rigid analytic variety and let L X be a Lie algebroid on X. Let ι : Y ֒→ X be the inclusion of a closed, reduced analytic subvariety such that θ • ι * ρ : ι * L → N Y /X is surjective, and such that N Y /X is locally free. Proof. Let I be the radical coherent ideal of O X consisting of functions vanishing on Y , and let B be the set of open affinoid subvarieties U of X such that either I(U ) = I(U ) 2 or L (U ) has an I(U )-standard basis. By Theorem 6.2, B is a basis for the strong G-topology on X.
(a) Pick an admissible covering {U j } of X with each U j ∈ B. By passing to a finite refinement of each U j , we may assume that each U j is connected. Then {U j ∩ Y } is an admissible affinoid covering of Y , so it is enough to show that (ι ♮ M )| Uj ∩Y is a co-admissible W | Uj ∩Y -module for each j. If ι j denotes the inclusion U j ∩ Y ֒→ U j , then it follows from Theorem A.1 and [1, Theorem 9.1] that
. We may thus assume that X ∈ B and that X is connected; Lemma 6.3 then implies that either
] is a co-admissible W (X)-module by Theorem 5.9(a), and Theorem 6.9 implies that the natural map
is an isomorphism, so ι ♮ M is a co-admissible W -module by [1, Definition 8.3 ]. (b) Let N be a co-admissible W -module on Y and let M be a co-admissible U -module on X which is supported on Y . By [1, Theorem 9.1] there is a natural isomorphism
and by [1, Theorem 9.1] and Theorem A.1 there is a natural isomorphism
also commutes because
is a morphism of (ι * W )| B -modules, and applying Theorem 5.9(b) we obtain a bi-functorial injection
is determined by its restriction to the image of N (U ∩ Y ), Φ(N , M ) is actually a bijection. Putting everything together gives an adjunction
(c) Note that the definition of ι + N for a co-admissible W -module N on Y shows that ι + N is supported on Y . By part (b) we have an adjunction (ι + , ι ♮ ) between the categories of interest. Let M be a co-admissible U -module supported on Y and consider the local sections of the co-unit morphism
is the identity map. By Lemma 6.3 we can therefore assume that L (U ) has an I(U )-standard basis. Then I(U ) acts locally topologically nilpotently on M (U ) by Theorem 6.7 because M | U is supported on U ∩ Y . Hence ǫ M (U ) is an isomorphism by Theorem 5.9(c) for all U ∈ B and hence ǫ M is an isomorphism. A similar argument shows that ι + reflects isomorphisms. So ι + and ι ♮ are mutually inverse equivalences of categories by Proposition 4.10.
Main Results

7.
1. Kashiwara's Theorem for leftU (L ) modules. In the setting of Theorem 6.10, recall from Section 3 the invertible sheaves
that implement the side-switching operations on X and Y respectively. We obtain Kashiwara's equivalence for left¸ U (L X )-modules by combining the equivalence for right¸ U (L X )-modules given by Theorem 6.10 together with appropriate sideswitching operations.
Theorem. Let X be a reduced rigid analytic variety and let L X be a Lie algebroid on X. Let ι : Y ֒→ X be the inclusion of a closed, reduced analytic subset such that θ • ι * ρ : ι * L → N Y /X is surjective, and such that N Y /X is locally free. Then the functors ι + and ι ♮ given by
are mutually inverse equivalences of abelian categories
Proof. This follows immediately from Theorems 3.5 and 6.10, once it is observed that the side-switching functors preserve the support condition: Lemma. Let A be an admissible R-algebra and let L be a coherent (R, A)-Lie algebra. Suppose that the U (L)-module M is finitely generated as an A-module.
Then the natural map
Proof. The algebra A is π-adically complete, so the finitely generated A-module M is also π-adically complete by [2, §3. Proposition. Let A be a reduced affinoid K-algebra and let L be a (K, A)-Lie algebra which admits a smooth Lie lattice. Suppose that the U (L)-module M is finitely generated as an A-module. Then (a) M is a co-admissibleȖ (L)-module, and
Proof. (a) Let L be a smooth A-Lie lattice in L for some affine formal model A in A. Let S be a finite generating set for M as an A-module and let X be a finite generating set for L as an A-module. Then M := AS generates M as a K-vector space and XS is finite, so π t XS ⊂ M for some integer t. Fix n t; then (π n L)M ⊂ M so M is a U (π n L)-module which is finitely generated as an Theorem. Let X be a smooth rigid analytic variety and let L X be a Lie algebroid on X with surjective anchor map ρ X : L X → T X . Theorem. Let ι : Y → X be a closed embedding of rigid K-analytic spaces. Then the functor ι * induces an equivalence of categories between Ab(Y rig ) and the full subcategory Ab(X Y rig ) consisting of sheaves supported on Y . The corresponding result for ordinary topological spaces is completely standard, and Theorem A.1 is presumably well-known, but we were unable to locate a complete proof in the literature. Since our proof involves some non-trivial ideas, we have decided to give the details here for the convenience of the reader.
A.2. Two useful results on affinoid varieties. Suppose now that X is affinoid, so that Y is a closed analytic subset defined by the ideal I(X) of O(X). Let f 1 , . . . , f r generate I(X) as an ideal. For every n 0, we call is an isomorphism for every rational subdomain V of Y . Now (ι −1 ι * F )(V ) is the direct limit of the F (W ∩ Y ) where W ranges over all open subdomains of X such that V ⊂ W ∩ Y . By Lemma A.2, we can find a rational subdomain U of X such that V = U ∩ Y , and the result follows. Now let G be an abelian sheaf on X which is supported on Y ; we will show that the unit morphism η G : G → ι * ι −1 G is an isomorphism. By [1, Lemma A.1], it is enough to show that η G (X) is an isomorphism whenever X is affinoid. Let f 1 , . . . , f r generate I(X). By Proposition A.2, there is an isomorphism
so it will be sufficient to show that the restriction morphism G(X) → G(Y n ) is an isomorphism for any n 0. Let f r+1 = π n . Since the elements f 1 , . . . , f r , f r+1 ∈ O(X) have no common zero on X, we may consider the rational covering U of X generated by these elements in the sense of [3, §8.2.2]:
Thus U r+1 = Y n and U i ∩ Y = ∅ for all i = 1, . . . , r. Since G is supported on Y by assumption, we see that G(U i ) = 0 for all i r, and now the sheaf condition satisfied by G shows that the restriction map G(X) → G(U r+1 ) = G(Y n ) is an isomorphism.
